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Abstract. We study the index of G-invariant elliptic pseudo-differential operators act- 
ing on a complete Riemannian manifold, where a unimodular, locally compact group G 
acts properly, cocompactly and isometrically. An -index formula is obtained using the 
heat keiTiel method. 
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1. Introduction. 

1.1. Main result. Let X be a complete Riemannian manifold acted on properly and co- 
compactly by a locally compact unimodular group G and let £ be a Z/2-graded G- vector 
bundle over X. Let 

P=(^° ^*^y.L\x,E)^LHx^E) 

be a 0-order properly supported elliptic pseudo-differential operator invariant under the 
group action. Such an operator has a real-valued L^-index defined as the difference 
of the von Neumann traces of the projections onto the closed G-invariant subspaces 
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KerPo,KerPo* of L^{X,E): 

indf = Ii-gPksiPo - trcAcer/" ■ 

The main result of this paper is to prove that the L'^-index of P is calculated by the 
following topological formula: 

(1.1) indP== / {co7i:)-{A{X))^ch{ap). 

Jtx 

Here c G C~(X) is a non-negative function satisfying / c{g^^x)dg = 1 for all x e X, and 

Jg 

n : TX X is the projection. 

The formula JLll i generalizes the -index formula for free cocompact group actions 
due to Atiyah |2| and the -index formula for homogeneous spaces of unimodular Lie 
groups due to Connes and Moscovici |8 1. The study of L^-indices in general has implica- 
tions in many other areas of mathematics ll24l . ifTSl . For example, the non- vanishing of 
the L^-index for the signature operator on X indicates the existence of -harmonic forms 
on X. The L^-index is of interest in the study of the discrete series representation |8| and 
has been modified for use in a proof of the Novikov conjecture for hyperbolic groups ||9|. 

1.2. Principle of proofs. To prove dl.lb . consider P as an element in the /T-homology 
group K^{Co{X)), which has a higher index in Ko{C* (G)) , where C*(G) is the maximal 
group C*-algebra. The L^-index of P depends only on the equivalence class of its higher 
index in K(){C* {G)) . This is proved in section|4]by defining a trace on a dense holomor- 
phic closed ideal ) in J(f{S'), where is a Hilbert C*(G)-module having the same 
/T-theory as C* (G). The trace is the von Neumann trace of a type II von Neumann algebra 
in the sense of Breuer |7|. A general discussion on the link between the -index and the 
higher" index may be found in [21]. 

Secondly, in section |5] we reduce the problem of finding indP into finding indD for 
some Dirac type operator D, which has the same higher index as P. Kasparov's K- 
theoretic index formula ||T31 is essential in the argument. The formation of Dirac type 
operators out of elliptic operators is also related to the vector bundle modification con- 
struction in the definition of geometric /T-homology |4|. 

The final step is to calculate indD using the heat kernel method. When D is a first 
order G-invariant operator of Dirac type on X, we have the McKean-Singer formula for 
the L^-index: 

(1.2) indD = trGe"''°*^-trGe"'^^*,f >0. 

In the case of a compact manifold without group action, a cohomological formula was 
obtained by studying the local invariants of metrics and connections lO, ifTTl . The proof 
for the local index formula was simplified by a rescaling argument of Getzler ifTOl on the 
asymptotic expansion of the heat kernel e^'^' around f = 0. Since the index indD in (11.2b 
is local when f 0+, the group action does not affect the calculation. The proof is based 
on a modification of the proofs in L20J . |i5J and is done in section |6] 

1.3. Acknowledgement. The work is modified from the author's PHD thesis and is 
funded by NSF, Vanderbilt and IHES. Special thanks go to Professor Gennadi Kasparov 
for proposing this topic and for his advice. Also thanks R. Ji, J. Perez, R. Ponge, R. 
Willett, S. Xu, G. Yu, W. Zhang and etc. for many helpful discussions and remarks. 
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2. Preliminaries. 

Let G be a locally compact and uni-modular group. Compact groups and discrete 
groups are examples of unimodular groups. Fix a bi-invariant Haar measure on G. 
For simplicity, write dg = d/x(g) and we have d{tg) = dg,d{gt) = dg and d(§^') = dg 
for any g,t G. Let X be a complete Riemannian manifold, on which G acts properly 
and cocompactly and isometrically, i.e., the pre-image of any compact set under the 
continuous map GxX ^ X xX : {g,x) i— > {g-x,x) is compact, the quotient space X/G is 
compact, and G respects the Riemannian metric. The reason to consider proper cocompact 
actions is the existence of a cutoff function onX. 

Definition 2.1. A nonnegative function c E C^{X) is a cutoff function if for all x E X, 

/ c{g'^x)dg= 1 . 
JG 

Remark 2.2. A proper cocompact G-space has a cutoff function c eC^{X) given by 

_ h{x) 
'^""^ jah{g-'x)dg' 

where h{x) E C"(X) is nonnegative and has non empty intersection with each orbit. 

Example 2.3. Let G be a Lie group with a compact subgroup H, and let X = G/H be the 
homogeneous space consisting of all the left cosets of H in G. The action of G on X is 
proper Further, let £ be a representation space of H. The induced representation space 
Y ~ G Xjj E, which forms a G-vector bundle over X, is a proper G-space. According to 
the slice theorem, every proper space has such a local structure. 

Tlieorem 2.4 (Slice theorem). Let G be a locally compact group and X be a proper G- 
space. Then for any x EX and for any neighborhood O of x in X, there exists a compact 
subgroup K of G with Gx ^ {g E G\gx = x} <Z K and a K-slice S such that x E S (1 O. 
Recall that A K-invariant subset S dX is a K-slice in X if 

(1) The union G{S)(called the tubular set) of all orbits intersecting S is open; 

(2) There is a G-equivariant map f : G{S) — > G/K (the slicing map), such that S = 
r\eK). 

An introduction to the slice theorem may be found in 1 1 1 section 2. According to 
||6l Ch.II Theorem 4.2, the tubular set G{S) C X with a compact slicing subgroup K is 
G-homeomorphic io Gx^S. 

Remark 2.5. Since X is covered by G-invariant neighborhoods and since X/G is compact, 
then X has a finite sub-cover, i.e., 

(2.1) X = \jtiGxK,Si = \jtiG{Si). 

The local structure ( 12. Il l of X defines a G-invariant measure dxanX. In fact. The measure 
of a set in G(5,) is calculated from the measure on G and on 5, divided by the measure of 
Kj. Then the measure of a set T C X is defined using a partition of unity argument. The 
1 -density on the Riemannian manifold X also defines the same measure. 

Before introducing ellipticity we will recall the following definitions concerning pseudo- 
differential operators. Let (£,/?) be a finite dimensional complex G-vector bundle over 
X, i.e., there is a smooth G action on E such that p{gv) = gp{v) for v EE and the maps of 
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the fibers g : Ex ^ Egx are linear Let % : T*X ^ X be the projection map and 7t*E be the 
pull back bundle of E over T*X. Assume E = Eq® Ei is Z/2-graded and the G-action is 
grading preserving. The G action on Eq,Ei gives rise to a G-bundle End(;r*£'o, '^*E\). A 
symbol function o of order m is a continuous section of this bundle satisfying 

(2.2) |^^(Tp(x,^)| <C„,,,^(1 + ||^||)'"-|^I 

for X in any compact set C X and ^ in the fiber TxX, where Ca,b,K is a constant depending 
on a,b,K. The set of all order m symbols is denoted by S'"{X;Eq,Ei) and a principal 
symbol of order m is an element in the quotient S"'{X;Eq,E{)/S"'-\X;Eo,Ei). We will 
work with principal symbols but shall omit the word "principal" from now on. 

Each symbol a has an amplitude p defined by p{x,y,^) = a{x,y)a{q{y,{x,^x))), 
where a ^C°°{X xX) has support contained in a small neighborhood of the diagonal such 
that a{x,x) = 1 ,a{x,y) > for all x,y eX andqiX x T*X T*X : (y, (x, ^x)) ^ (y, ^y) 
where £,y is the parallel transport of £,x from x to y. Conversely, a{x,^) = p{x,x,^). To 
eachampUtude p{x,y,^) we may constiucla pseudo-differential operator Pq : C"(X,£'o) — > 
C~(X,£i) via 

(2.3) Pouix)^ f e'^^'''y'^^p{x,y,^)uiy)dyd^x, 

JXxT*X 

where <i>{x,y,^) =< exp^^(37),^^ > is the phase function. Here C'^{X,E) is the set 
of smooth sections of E with compact support in X and there is a natural G-action 
on Cr(X,£), defined by (g •/)(x) = g{f{g-'x)),g e GJ G C^iX,E). Let Kp^ix,y) G 

End(£'oy7£^ix) the Schwartz kernel of fo> i-S- ^o^W = / Kp^ {x,y)u(y)dy for all u{x) G 
^"(Xjiio)! which is expressed in the following distributional sense, 

(2.4) Kp{x,y){w)^ [ e"^'^-'='y^^'>p{x,y,^)w{x,y)dxdyd^,w£C^{XxX). 

JXxT*X 

We require Pq to be G-invariant: Po{gf) = gPo{f)J e C~(X,£'o), for every ^ G G. 
Clearly, the Schwartz kernel of a G-invariant an operator P satisfies that 

(2.5) Kpix,y) = Kpigx,gy) for all x,y G X,g G G. 

Assume Pq to be properly supported. Recall that P is properly supported if for any com- 
pact subset K <zX, the subsets suppKp r\{K x X) and suppA^ n{X x K) inX xX are 
compact. The operator defined in ( 12.31 ) is properly supported. Proper supportness of 
Pq in particular implies that Pq : C^{X,Ei) — > C^{X,Ei). Choose a G-invariant Her- 
mitian structure on E and let L^{X,E) be the completion of Cc{X,E) under inner prod- 
uct, < f,g >[2= / < f{x),g{x) >E^ dx. We assume P to be essentially self-adjoint on 
Jx 

/ Q p* 



L {X,E) with odd grading. In particular, P = ^ J . Without loss of generality, P 

is assumed to be of order 0. In this case P extends to a bounded self-adjoint operator on 

L^{X,E). 

We inti-oduce the following notations. Denote by ^q(X;£',F)(^q ^(X;^,^)) the sub- 
set of G-invariant (properly supported) elements in ^"{X;E ,F), the set of order « pseudo- 
differential operators from C'^{X,E) to C'"{X,F), and denote by ^'".{X;E ,F) the subset 
of operators having compactly supported Schwartz kernels. 
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Observe that the symbol of an operator f e l'^ ^ is G-invariant. Conversely, if g{x,^) 
is a G-invariant symbol, then there is an operator in with symbol a{x,^). To do this 
we build P out of a{x,£,) using ( 12.31) and use the averaging process from ||8]: 

(2.6) AVG : X ~> 'i'h,p -P^ I gPg-'^^g- 

J G 

Then Avg(c/') G where c is a cutoff function forX, has the symbol g{x,^). Note 

that If P e ^*Q p then P = A\g{cP) ■ 

Definition 2.6. A pseudo-differntial operator P e ^'"{X;E,F) is elliptic if there exists 
Qe^-"'iX;F,E) so that 

(2.7) ||(jf(x,^)(Je(x,<^)-/||^0and||(Je(x,^)(jp(x,^)-/|1^0 

uniformly in x e as <^ — > oo in T*X for any compact subset K in X. Without loss of 
generality, we will consider order-0 elliptic pseudo-differential operators of form Pq G 
p{X;Eo,Ei) with the condition ( 12.7b replaced by 

(2.8) II ap,ix, ^)ap^ (x, ^ ) - /|| ^ and || a^. (x, ^)ap, (x, ^ ) - /|| ^ 0. 

Proposition 2.7. (1) IfP£ ^j!, f/ien Avg(P) € 'i'"G,p- 

(2) 7/"P G is elliptic, then there exists a parametrix Q G ^(X) such that 

(2.9) 1 - = 5i e ^g:;(X), l-QP = S2e ^g",(^)' 

where 'Pg'^(X) = n„gffi^p p(^) ^''^ ■'^^ of smoothing operators. 

(3) 7^5 € f/ien ^Csl'i ■) '■5 smooth and properly supported. 

Proof. (1) Clearly, Avg(P) G *I'g,p(^)- If Pix,y,^) G x T*X) is the amplitude then 
P G implies that K ^ {{x,y) e X x X\p{x,y,^) 0} is compact. Using the fact that 
the Riemannian metric on T*X is G-invariant and the measure on X is G-invariant, we 
calculate the amplitude for Avg(^') as 

P{g'^x,g-^y,^g-i^)dg 

which is of order n because the integral is taken over a set {g G G\{g^^x,g^^y) G K} 
which is compact. 

(2) Let P G "V'apiX) be elliptic and c G C~(X) be a cutoff function for X. Cover X by 
finitely many bounded open balls such that supp(c) C uj^jt/,-. Let be a 

partition of unity subordinate to the finite cover Since P is elliptic, which implies that for 
any compact K cX, there exists a constant Ck such that |(7^ | > C(l + |<^ |)" uniformly for 
all 1^ I > Ck, then there exists g; G ^';:"{Ui),l <i<N so that 

PQi-ai = Rij,QiP-ai = R2,i 

are elements in Extend the elements in to and then 

N 

cY,QiP-c = c'£R2,. 

i=l i=l 
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Since Qi e ^-"(X), ZtxRi.t € we take that Q= g{cY, Qi)Ag € ^nd 5 = 



g(c^/?2,,)dge^-(^)-TheneP= / g{cY^Q,)Pdg^ / g(c)g(^ e,P)dg = / g{c)dg + 
I g{c)g{f^R2,)d8^I + S- 



(=1 

r ^ 

Similarly, there is a g' = / ^(^ eic)d^ e 'Pg!p(^) ^' ^ ^^G^pi^) *at Pg' - 

/ = 5'. Since Q' + SQ' -Q^ {l+S)Q' -Q = Q{PQ' - 1) = QS', then 6' - g G ^g".(^)- 
Hence there are 5i , ^2 = 5 G 'Pg", {X) such that Pg = 1 + 5i , g^" = 1 + 
(3) If 5 e 1'g3^(^), then c5 G ^,T°°(X). 

We know that c5 G is equivalent to the fact that Kcs{x,y) is smooth and com- 

pactly supported inX xX. Therefore the statement follows from the fact that 

Ks{x,y)^Kf,^^(^s){x,y) = J^K,sig'^x,g-^y)dg 

and the fact that the integral vanishes outside a compact set in G. □ 

3. The G-trace and the L^-index. 

When X is compact and when G is trivial, the dimensions of Kerfo and KerfQ are 
finite and their difference defines the index of P. In our case we measure the size of 
KerPo or KerP^ by a real number in terms of the von Neumann dimension. An L^-index 
of P, analogous to the Fredholm index is defined, motivated by the -index defined by 
Atiyah |j2| and modified upon |81 . 

3.1. The G-trace of operators on X. 

Definition 3.1. A bounded operator S : L^{X,E) — > L^{X,E), which commutes with the 
action of G, is of G-trace class if is of trace class for all ^, G C"{X). Recall that 
a bounded operator T on Hilbert space H is of trace class if I Tei,ei > | < oo where 

{e,} is an orthonormal basis of the Hilbert space and its trace is defined as tr(r) = ^ < 

re, ,e/ >. If 5 is a G-trace class operator, we calculate the G-trace by the formula 
(3.1) trG(5)=tr(ci5c2), 

where ci,C2 G C^(X) are positive, satisfying ciC2 = c for some cutoff function c onX. 

Remark 3.2. This definition is essentially the definition of the G-trace class operator ap- 
pearing in [2 1 where G is discrete. Similarly to Lemma 4.9 of [2], we prove in the follow- 
ing proposition that trG is well defined, i.e. trc is independent of the choice of ci,C2 and 
c. 

Proposition 3.3. Let S (bounded, G-invariant and positive) be a G-trace class operator 
and c\,C2,di,d2 G Cq{X) be positive functions satisfying I c\ [g^^ x)c2{g^^ x)Ag — 1 and 



d\{g x)d2{g x)Ag = 1, which means that c — c\C2 andd — d\d2 are cutoff functions 

G 

onX. Then tr(ci5c2) — tx{diSd2)- 



-INDEX FORMULA FOR PROPER COCOMPACT GROUP ACTIONS 



7 



Proof. Let K — {g ^ G\ supp(g • {did2)) n suppc ^ 0} and then K is compact by the 
properness of the group action. Hence, 

tr(ci5c2) = tr( / [g ■ {did2)]ciSc2dg) = tr( / [g ■ {did2)]ciSc2dg) 

JG JK 

= / ^r{[8-di][g-d2]ciSc2)dg= / ti{ci[g ■ di]D[g ■ d2]c2)dg 

JK JK 

= I tr{[g-^ ■ci]diSd2[g'^ ■C2])dg:^tT{[l g{ciC2)dg]diSd2) ^tr{diDd2). 

JK JG 

□ 

Using the fact that tr is a well-defined trace on the compactly supported operators on 
X, it is easy to see that tr^ is linear, faithful, normal and semi-finite. The tracial property 
of trc is proved in the following proposition together with some other properties of tic. 

Proposition 3.4. (1) A properly supported smoothing operator A e is of G- 
trace class. If : X xX ^ Endii is the kernel of the operator then its G-trace 
is calculated by 

(3.2) ticiA) = [ c{x)TiKAix,x)dx, 

Jx 

where c is a cutoff function and Tr is the matrix trace ofEndE. In fact, this 
formula holds for all G-invariant operators having smooth integral kernel. 

(2) If A G is of G-trace class, so isA*. 

(3) If A £ 'Pg is of G-trace class and B € is bounded, then AB and BA are of 
G-trace class. 

(4) IfAB andBA are of G-trace class, then \i(}{AB) = \xc}{BA) 

Proof. Let ^, G C^[^) ^nd let {o:?}^[ be the G-invariant partition of unity in Propo- 
sition lZT] 

(1) Proposition 12.71 item 3 shows that A e has smooth kernel KA{x^y). Then 
K^A\if{x^y) = ^{x)KA{x,y)'^{y), is smooth and compactly supported, which means that 
^Ay/ is of trace class. The integral formula for smoothing operators is classical. A proof 
may be found at |22| Section 2.21. 

(2) Because \//A0 has finite trace by definition, then (j)A*\if — (xfrA^)* is of trace class. 

(3) Assume we have a G-trace class operator A e ^gp- Since supply is compact 
then as A is properly supported, there is a compact set K so that suppAi/ C K. Choose 
I], C G C~(X) with K C suppT] and T]!^ = T]. Then T7AV/ = Ai/ and for a bounded Z? e 

we have that (j)BA\if = (pB^rjAxir = {(j)BQ{riAyif). Since (j)B^ is bounded operator with 
compact support and rjAxj/ is trace class operator then their product is also a trace-class 
operator. So BA is of G-trace class. AB is of G-trace class because B*A* is of G-trace 
class. 

If A e then we have A = Ai + A2 so that Ai e ^ and A2 has smooth kernel 
(which follows from a classical statement saying that the Schwartz kernel is smooth off 
the diagonal). Then the statement follows from the fact that (^Ai y/ has smooth, compactly 
supported Schwartz kernel. 

(4) We first prove a special case when AB and BA have smooth integral kernels. Use the 
sHce theorem ( 12.1b to get {G x/f, Si = G(5,)}^i, G-invariant tubular open sets covering 
X. Then there exist G-invariant maps at : X ^ [0,1] with suppa, C G(5',) such that 
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Af 

^ = 1 . In fact, let a,^ be a partition of unity of X /G subordinate to the open sets 

(=1 

G{Si)/G. Lift a,- to a,- on X, then {ocf} is a G-invariant partition of unity of X. Then: 

trG(AB)= [ [ c{x)Tx{KA{x,y)KB{y,x))AyAx 
Jx Jx 



/ / af{x)a]{y)c{x)Ti{KA{x,y)KB{y,x))dydx 

'^JGXK.SiJGXKjSj 



1 



j-J ^iKi)^{Kj) Jsjsj 



af{s)a]{t) I TiiKA{s,ht)KB{ht,s))dgdsdhdt = trG{BA) 



Note that in the third equahty, gs ^ {g,s)Ki = x E G x^-. Si and ht = {h,t)Kj = y E G x Kj 
Sj and by definition ai{s) = ai{gs),aj{t) — aj{ht). Also, we have used ( 12.51 ), d/j^' = 
d/z,d(/j^'g) = dg, and change of variable in the fourth equality. 

If eitherAorBare properly supported,(say A), then trG(AB) — tr{ciABc2) =tr( / ciAg- 

Jg 

{ciC2)Bc2)- So the g EG making c\Ag ■ c\ non zero form a compact set K, which allow 
us to interchange tr and j , use tracial property of tr and G-invariance of A and B to prove 
trG(AB) = trG(BA) 

In general let A = A i + A2 and B = B\ +B2 where A 1 , B 1 are properly supported and 
A2,B2 are bounded and have smooth kernel. Then trG(AB) = trG(BA) using the special 
cases discussed above. □ 

Remark 3.5. Let 5 be a bounded G-invariant operator with smooth integral kernel and let 
Si = OiSOi E ^'^°°{X;E,E). Then a?5 is of G-trace class by Proposition [3H item 3. We 
may calculate trG(5) as follows, 

A' Af ^ 

trG(5) ^trciY afS) a,(x)c(x) TrKsix,x)ai{x)dx 

= f / cix)TrKs,ix,x)d^ = f ^(^0"' / c{{g,s))TrKsM^),i8,^))dgds 
= f / c{{g,s))TrKs,{{e,s),{e,s))dgds = £^(^0"' / '^rKs,{s,s)ds. 

i=\ JGxSi JSi 

The above trace formula coincides with the trace formulas in the special cases. 

(1) Let X be compact with G being trivial and Hq ^ L^(X ,Eo),Hi = L^(X,Ei) be 
separable Hilbert spaces, with orthonormal basis {e;},{/,}. There is a faithful, 
normal and semi-finite trace Tr on !3§{Hq,Hi ) so that tr(A) = L(Ae;,/() for A > 0. 
The set of trace class operators is defined as the linear span of positive operators 
with finite trace. 

(2) When the action is free and cocompact, we have X = GxU, and for a bounded 
positive self adjoint operator S with smooth kernel, we have that trG (5) = / Tr Ks {x 



-INDEX FORMULA FOR PROPER COCOMPACT GROUP ACTIONS 



9 



(3) For a homogeneous space of a Lie group X = G/H, and for S G ^'^^(X), we 
have trc{S) = Ks{e,e), where e G G is the identity. 

Proposition 3.6. If P e w an elliptic operator, then ti-G(^ker/'o),trG(fker/'*) < °°- 
Moreover, PKeiPo,PKei-P* G ^g°°- 

Proof. There is a g e so that 1 - QPq = S e ^g". Denote (1 - - 5) = 1 - 
T and T*T is of G-trace class because it is a smoothing operator (smoothing operators 
are closed under addition and product). It is sufficient to prove dimG(Ker(l — T)) < oo 
because 

KerPo C Ker(l -S) = Ker(l - T). 
Observe that Ker(l - T) is the eigenspace of T*T at 1, so PKer(i-7') = iT*T) < T*T. 
So the fact that T*T is of G-trace class imphes that trG(^Ker(i-r)) < °°- 

For the second statement, PKerPo is a smoothing operator because it maps L^-sections to 
elements in Kerfo. which are smooth by Proposition l2.7l To prove to, we apply 1 — QPq ~ 

S e to PKerZ-o and get PKer/b = 'S^Ker/'o G ^g°°- ^ 

Remark 3.7. Let {o:?}^[ be the G-invariant partition of unity in the proof of Proposition 
I3.4l item 4. Then by the same property and for any bounded operator T E we have 

N 

1=1 

where every summand ajTUj is G-invariant and restricts to a slice G x^. 5, C X. 

The action of G on the vector bundle E is induced by the action of its subgroup Ki on 
V = E\sj, the restriction of the bundle E over a subset {{e, s)Ki\s E Sj} of X. 

V^E\s, V^E\s, 



{ejxS, {e}xS, 

Then we have the identification of the Hilbert spaces (G x if, 5,- , £ ) = (L^ ( G) » (5; , V ) , 
which consists of the elements of (G) (Xi (5, V ) invariant under the action of Kj, where 
k e Ki acts by 

k{f{g),h{s)) = {f{gk-'),k-h{s)),g EG,sE 5,,/ e LHG),h e L^{Si,V). 
The G-invariance of kerPo imphes that aifkerPoOCi is an element of 
(3.3) ^(L2(G))®^(L2(5,-,y)), 

and this element commutes with the action of the group AT,- on ^{L?{G)) (8) S§{L^{Si,V)). 
Here 3£{L^{G)) is the weak closure of the right regular representation of G (L' (G) more 
precisely) represented on L^{G). On this set there is a natural von Neumann trace deter- 
mined by 

mfrm)^ [ imi'^g, 

Jg 

where / G L^{G)nL^{G) and R{f) = / f{g)R{g)dg. Here R{g) is the right regulai- 

Jg 

representation of ^ e G on L?{G). Also ^{L^{Si,V)) also has a subset where an operator 
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trace tr can be defined. There is a natural normal, semi-finite and faithful trace defined on 
M{L^{G))® ^{L^{Si,V)) given by T® tr on algebraic tensors. Refer to |19| Section 2 
for a detailed description. 

This trace coincides with the G-trace in Definition 13.11 on the set of bounded G- 
invariant operators with smooth kernel. In fact, by a partition of unity argument, such 
an operator is finite sum of operators of form S — A®B g [%{L^{G)) ® H(L^(5/, V)), 
which commutes with the action of Ki, where A and B have smooth kernel. In [8J, it 
has been shown that t(A) = ^r^(e,e). Let d E C'^{G) be any cutoff function for G. Then 

T(A) = / d{g)KA{g,g)dg. Hence, 



T(A)tr(B) = l dig)KAig,g)dg I TrKBis,s)ds 
1 



ciig,s))TrKsiig,s),{g,s))dgds 



GxS, pi{K, 

c{x)TxKs{x,x)dx 



IGXK-Si 

Therefore we have proved the following proposition. 

Proposition 3.8. Over ^g'^(X;£',£') the G-trace equals the natural von Neumann trace 
on the von Neumann algebra £i{L?{X,E)), the weak closure of all the natural bounded 
operators on L?{X,E) which commute with the action ofG. The L^-index is the difference 
of the von Neumann trace ofT^^p^^ andP^f,^p* . 

Example 3.9. When G is a discrete group acting on itself by the left translation, choose 

c{g) = { ^"""then 
^ ' [O g^e 

ti-cT =J^< T5g,5, >-< ^ g-\cT)g5e,5e >=< Av(cr)4,5, >= ti-GAv(cr). 

geG geG 

In general, Av(c-) : 3§{L^{G)) ^{l?(G)) extends the map ^ : cT Av{cT) 

which preserves the corresponding trace. When T is G-invariant, T = A\{cT) and then 
tr^r = trG Av(cr) = tr cT motivates the trc formula. 

3.2. The L^-index of elliptic operators on X. According to Proposition 13. 61 we define 
a real valued G-dimension of K, a closed G-invariant subspace of L^{X,E), by 

dimcK = trc^A: 

where Pk is the projection from L?{X,E) onto K, which is a G-invariant operator. 

Definition 3.10. The L^-index of the elUptic operator P e is 

(3.4) indP = dimcKerfo - dimcKerfo . 

An immediate computation of the L^-index is given in the following proposition, 

Proposition 3.11. Let P G ^'q p be elliptic and Q be an operator so that 1 — QPq = 
Si,\ — PqQ — S2 are of G-trace class, then 

indP — trcSi— tre ^2 . 
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Proof. The proof is similar to the one in [2]. We have 

'Sl^ker/'o — AcerPo PKerP^S2 — ^Kbi/'q* 

by composing QPq = 1 — 5i with /ker/>o ^'^'^ composing ^Kerf* with 1 — ^2 = PqQ 
respectively. Also, Pq{QPq) = {PqQ)Po implies that PqSi = 52^0- Set R = 5o{P^Po)P^ 
where 5o(0) — l,8(){x) =0 for x 0, so 

On one hand trp^i — ticPKerPo — ^'gSi{1 — ^keiPo) = ^i'g{SiRPq), on the other hand 
trG52 - ticPKerPS - trG52(l - ^KerP*) = trdSiPoR) - ticiPoSiR). Therefore tre^i - 
trc ^2 = trc PkerPo - tre PksvP* by Proposition [331 □ 

The purpose of Proposition|4]is to derive the following McKean-Singer formula. 
( D*\ 

Corollary 3.12. IfD= ^\ ^^'q{X;E,E) is a first order essentially self adjoint 

elliptic differential operator, then 

(3.5) indD = Mcie'"^'''^'') -'^^c{e'"^°'^'') for all t > 0, 
which in particular means that indD is independent of t > 0. 

To prove ( 13.51 ) we need the following lemma. 

Lemma 3.13. Let Dq be as above, then e^'^^ and e^'^ ^ are ofG-trace class. 

Proof of lemma 1X731 It is sufficient to prove the case when t = 1. The proof is based on 
the ideas in 1 12] |8|. Also refer to the heat kernel estimate for a Riemannian manifold in 
iflTll Appendix B. 

If 1 e C- [0,°o), then Xl - D*qDq is invertible. Let L = {X e C|<i(A,M+) = 1} be 
clock-wise oriented. Then 

,-DiDo^j_ [ — 

2niJLXl-D*Do 

Let 0, G Cc{X) be supported in a compact set A' C X and let {cKaI^j be a partition 
of unity subordinated to a open cover of K of local coordinate charts. We approximate 
^e^^o^O)^ by an operator in (with smooth and compactly supported Schwartz ker- 
nel) by inverting A/ — DqDq "locally". 

Let pii be the symbol (not the principal symbol) of ai(l){Xl — DqDq)^^ xj/. Then p^ has 
the asymptotic sum 

(3.6) pk ^ ^ fl-; on a local coordinate, i.e. Op(/7— ^ a^j) £ ^J™"', Vm > 1, 

;=2 j=2 

where Op means the operator corresponding to the local symbol. 

For any / > and « > 0, choose a large enough M and set the operator approximating 
ai<j) {XI - DIDqY V to be 

M 

(3.7) P,(A)=Op(£fl-;), 

;=2 



12 



HANG WANG 



in the sense that Pk{^) is analytic in A and for any fixed u e L^{X,E), 

(3.8) II - a,-(/)(A/-Z)SDo)- V)«ll; < C(l + |A|)-", 

where the norm is the Soblev /-norm || • ||/. The estimate ( |3.8l l is made possible by the as- 
ymptotic sum ( |3.6t . In fact, let r{x, ^ ) be the symbol of = -Pj:(A) — aiipiXl — D^Doy^xif 
which is in ^-'^-i and then the left hand side of (El is \\Ru\\i = /(I + |<^ |2)'|^(,^)|d<^, 
where Ru{x) — f e"^"^^^''^^ r(x,^)u{y)dyd^ can be controlled by the right hand side of 
( |3.8l l when M >> 21 + 2n because by definition of r(x,^) there is a constant C so that 
|r(x,^)|<C(l + |<^|)-^-i. 
Set 

(3.9) £(A) = f £,(A)=f /e-V,(A)dA, 

k=i k=i ^"^^ •'^ 

Then the following two observations prove that 0e^^o^o y/ is of trace class. 

( 1 ) The operator £ (A ) is a compactly supported operator with smooth Schwartz ker- 
nel. 

Proof of claim. We need to show that the Schwartz kernel of Eic{A,) is smooth. In 
view of (I3.7I I and (13.9b . it is sufficient to show that Op{aj),j < —2 has smooth 

kernel and J e~^df^ {Op{aj)u)dX is integrable for all j3. This claim can be 

proved by the symbolic calculus (|IT2|). The crucial part in the argument, is 
that by the symbolic calculus, all ajj < —2 contain the factor e^°2(^*^) and the 
fact that e^"^2(oSOo) rapidly decreasing in ^ . □ 

(2) The function (^(A) - 0e-'"o^oi/)M is in H' for any fixed m G 
Proof of claim. Using (13.81 ). and fixing awe L^{X,E) 

|l(£(A)-0e-^S^''V^)«|l,<^f / e-^|l(P,(A)-a,0(DSDo-A/)-V)«ll/dA 
<C [ e-^{l + |A|)""dA ^ as « oo. 



□ 

Note that ^(A) depends on the number M, which is chosen based on l,n, and it has 
a compactly supported smooth kernel by the first claim and hence E {X)u £ C"^ C H' . 
The second claim shows that ^e^^o^oy/ jg jjj //' (When n oo, there is a sequence of 
E{X) e H' approaching ^e^-'^o^"!/ in || • ||/ norm.) 

Let I — > oo, then by the Sobolev Embedding Theorem {<pe^^o^^'^f)u is smooth for all 
u&I?. Therefore (^e^^o^o ^ jj^g ^ compactly supported smooth kernel and is a trace-class 
operator. □ 

Proof of Corollarv \3.5\ Let 2 = / e^^^o^^D^ds, which is the parametrix of Do because 

Jo 

1 - QDq = e-'°oDo j_ = g-'DoD*o 
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which is of G-trace class by the lemma. The statement follows from Proposition 13. 11 1 
The independence of t can be carried out by a modification of the second proof of 15] 
Theorem 3.50. □ 

4. The link of the L^-index to the /T-theoretic index. 

Let / € Cq{X) be identified with an operator on L^{X,E) by point-wise multiplication. 
Let A e ;£■,£■) be elliptic in the sense of Definition 12.61 Using the Rellich lemma 
one may check that Aq : L?{X ,Eo) L^{X ,Ei) satisfies the following conditions: (AqAq — 
/)/ G jr(L2(X,£i)), (AJAo -/)/ e J(r{L^{X,Eo)), Af - fA e Jf{L^{X,E)) and Aq - 
^•Ao e ,J(f{L?{X ,Ei),L?{X ,E2)) for all g £ G. Hence A represents an element in the 
/:-homology group K^{CoiX)). 

Topologically, the K-theoretic index of [A] G Kq[Cq[X)), according to [13,1 is defined 
to be 

Ind,A = \p] ®c'{G,c,{x))fm) e ^o(C*(G)), 
which is the image of [A] under the descent map 

f : KK'^iCCoiX)) ^ KK{C*{G),C*{G,C(,{X))) 

composed with the intersection product with a projection [p] e KK{<C^C* {G,C(i{X))), 

[p]®c'(GA(x)) :^^(C*(G,Co(X)),C*(G)) ->/:/:(C,C*(G)). 

Here [p] = [{c-g{c))^] is the projection represented as an element in A'o(C*(G,Co(^))). 

Analytically, the /T-theoretic index of A is constructed explicitly as follows ||14|. First 
of all, embed Cc{X,E) in a larger Hilbert C*(G)-module C*{G,L^{X,E)) and after com- 
pletion under the norm of the Hilbert module, we obtain a C*(G) -module S containing 
Cc{X^E) as a dense subalgebra. Note that ^ is a direct summand of C*(G,L^(X,£')) and 
is obtained by compressing the C*-module C* {G,L^{X ,E)) with the projection p. 

Then the operator 

A = Av(cA) : Cc{X,E) ^ Cc{X,E) 
in ^'%^{X;E,E) extends to two bounded maps A : L^{X,E) L^{X,E) wdA-.S-^S 
with ||A||^ < ||A||£2(;if £•). Denote by the C* -algebra of all bounded operators on S 

having an adjoint and being C*(G)-module maps. Then A : S" ^ <S defines an element 
in according to OS]. On the Hilbert C*(G) module S, for e,ei,e2 G Cc{X,E), the 

"rank one" operator is defined by 

ee,x2{e){x)^ei{e2,e){x)^ / (/ 0^,(^,)(^)_g(,2)(j,)dg)e(y)dy,Vx e X. 

J X J G 

The closure of the the linear combinations of the rank one operators under the norm 
of ■^((f) is the set of "compact operators" denoted by ,J^{S). The elements of ,J^{S) 
can be identified with the integral operators with G-invariant continuous kernel and with 
proper support. The following proposition indicates some features of elements from 

Proposition 4.1 ([15]). If the symbol of the G-invariant properly supported operator P 
of order is bounded in the cotangent direction by a constant, then the norm of P in 
i)S{S') / J(f {S) does not exceed that constant. The operator P is compact i.e. P G J(f{S'), 
if the symbol ofP is at infinity (in the cotangent direction). 
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Since A is elliptic, which means that || (7^(j[:, ^ )^ — 1 1| ^ as ^ ^ 0,x e K uniformly for 
any compact set K dX, then according to Proposition |4.1| we have that — Id £ J€[S'). 

Let us set ^ ^ ^, then [Aq] G Ki{.'^{S)/,J^{S)). The analytical K-theoretic 

index, IndaA, is image of this class in the /T-theory of the quotient algebra under the 
boundary map d : /r*(^(<o')/jr((o')) — >• K^,+\{J^ {(S)) of the six term exact sequence 
associated to the short exact sequence -J> J(f{S) ~> i^{S) /J(f{S) 0. 

Remark 4.2. The C*(G)-module Jf{<g) is strongly Morita equivalent to C*(G). Us- 
ing the classical fact that Morita equivalence preserves /T-theory we have /r*(J?r((f)) 
~ K^{C*{G)) and so Ind„f e Ko(C*(G)). 

As a generalization of the Atiyah-Singer index theorem, Kasparov proved that Ind„ and 
Ind, coincide lfT3l . ||T5 |. We will simply use Ind to denote the TiT-theoretic index. In sum- 
mary, the /T-theoretic index under the homomorphism Ind : A'q(Co(^)) — > KK{C,C* {G)) ~ 
KQ{J(f{S')) is calculated by 

/ M)Al Ao./l-AL4i 
\^^l-A5AoA5 l-A^Ao 

Note that the second arrow is the Fredholm picture of ^^^^(C, C* (G) ) via boundary map. 

Given the /T- theoretic index IndA S KQ{,J(f{S)), we will define the a homomorphism 
KQ{,je{S)) R. To do this we find a dense subalgebra ,y{S') of on which 

a "trace" can be defined and which is closed under holomorphic functional calculus. 
Since J^{(S') is generated by G-invariant operators with continuous and properly sup- 
ported kernel, we define S^{S') to be the subset of the bounded G-invariant operators 
with smooth kernels. Let S : C'^{X,E) C'^{X,E) be a G-invariant smoothing op- 
erators. Extend S to an operator S G and then S € S''{S'). Define the trace on 
S G by trG(5') and still denote by tr^. The trace is well defined for all the elements 
of S^IS"). An element of 5^{S) is viewed as matrices with C*(G)-entries. The trace on 
such a matrix is the Breuer von Neumann trace IZJ on the image of the following map 
,9'{S) ^ ,9'{g(^c'(G)^AG)) C M{L^{X,E)). Here y{S®c*(G)^-{G)) is a subset of 
all G-trace class operators. Recall that tr^ is defined on a dense subset of the G-invariant 
operators on L^(X,£'), which can be represented as elements of 

^(l2(G)) ® i®ij^{L^{Ui,E),L^{Uj,E)), 

and an element of this set can be expressed in terms of a ^(L^(G))-valued matrix. 

Proposition 4.3. • We have a canonical isomorphism Kq{ J(^{S')) ~ KQ{.y{S')). 

• The G-trace Itq on .y defines a group homomorphism 

ti-G* :/:o(jr(^))->R. 

Proof. Proposition[34lpart 4 shows that y{S') is an ideal of .^{S'). Let S € y{<g) and for 
any holomorphic function / defined on the spectrum of S with /(O) = 0, there is another 
holomorphic function g so that f{z) ~ zg{z)- We require /(O) — because ,J^{<S) does 
not have an identity. Since the spectrum of S is bounded and g is continuous which implies 
that g is a bounded function, i.e. g{S) G ^((?), f{S) = Sg{S), then f{S) G y{S). Hence 
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^^{(0) is a dense subalgebra of J(f{S') closed under holomorphic functional calculus. 
Therefore K^{.Jf{<^)) = K,.{.y{^)). 

An element of Ko{S^{S')) is represented by projection matrix with entries in ^((#), 
on which there is a natural trace consisting of the composition of the matrix trace with T 
on ^^{(0). Note that if the element was represented by the difference of two classes of 
matrices with entries in ^(<o')+, the algebra defined by adding a unit, then we define the 
trace of this extra unit to be 0. Hence we obtain a homomorphism tre* : K^, (^(^f)) — > M 
by the properties of the trace T. □ 

Composing with the A'-theoretic index, P has a numerical index given by the image of 
the map 

K'^{Co{X)) K-theoreticindex^ ^^^^^ ^ ^ 

and this number depends only on the symbol class and the manifold according to Kas- 
parov's /T-theoretic index formula. We show that this number is in fact the L^-index. 

Proposition 4.4. Let P e ^'^ p{X;E ,E) be elliptic, then its L^-index coincides with the 
trace of its K-theoretic index, i.e. indP = trc^(Ind[f]). 

Proof. Let P = A and then P = A = Av(cA) ingj] Then 



IndP 



PqP^ Po/T^ip^Y_Yi 
\^l-PSPoP5 l-P*Po \0 



We shall alter the matrix representatives without changing the equivalence class, so that 
we may apply trg to the 2 x 2-matrices. 

Given Pq G ^'^ ^^{X i) and using Proposition |Z7l there is a g G ^° ^^^^ 
1 — QP = Sq,1 ~ PQ = . According to the boundary map construction in |9 | section 

2, we lift ^ which is invertible in M2{^{S) / ,5^ to an invertible element 

u^(^^ " ^ ^ + in M2 (^(^) ) and then 

-^k; '°';-r)>->(2 \ 

Therefore, trG*(IndP) trG(5^) +trG(l -5^) - t(1) = \iG{Sl)-trG{S\). Choose another 
Q' = '^Q-QPQ, then 1 - Q'Pq ^Sl,l-PQ' ^Sj with 81,8} being smoothing operators. 
Then using Proposition , we conclude that trG(5o) — trG{8f) — indP. Hence trc* (Indf ) = 
indP. □ 

Remark 4.5. Let X = G/Hhea homogeneous space of a unimodular Lie group G (where 
H is a compact subgroup). In flS) section 3, it was shown directly that the L^-index de- 
pends only on the symbol class [o>] of P in Kq{Cq{TX)). Plus, there exists a homomor- 
phism / : K^{Cq{TX)) ^ M so that i[ap\ = indf. 

Note that the Poincare duality between K-homology and K- theory gives Kq{Co{TX)) ~ 
Kq{Cq{X)) . So L^-index essentially gives a homomorphism: 

(4.2) md:K^{CQ{X))^R. 

But the L^-index is not well-defined for all the possible representing cycles of a K- 
homology class. 
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Remark 4.6. In this section we work on the cycles in Kq{Co{X)) as elHptic pseudo- 
differential operators on X. Let Y be another proper cocompact G-manifold and £ be a 
G-bundle where L^(y,£') admits a Co(X)-representation. And if we have [{L?{Y,E),Q)] g 
Kq{Co{X)) with Q e p{Y;E ,E), we may carry out similar constructions to those in 
this section easily. 

5. Reduction to the L^-index of a Dirac type operator. 

We show in this section that for any elliptic operatorP G ^^{X;E,E), there is a Dirac 
type operator D satisfying indP ~ indD. We will do this by showing that P and D have 
the same /T-theoretic index and then applying Proposition l4.4l 

Theorem 5.1. f 13| plS) Let X be a complete Riemannian manifold and let G be a locally 
compact group acting on X properly and isometrically. Let P be a G-invariant elliptic 
operator on X of order 0. Then 

(5.1) [P] - [Op] ®c,(T'x) [D] G K*^mx)), 

where [D] is the class defined by the Dolbeault operator ^ + on T*X. 

Remark 5.2. This theorem says that [P] is given by the index pairing of the symbol with 
some fundamental operator (Dolbeult) on T*X. This is the essence of the Atiyah-Singer 
index theorem. When X is compact with trivial group action, apply the map 

c* ■.K%C{X))^K\C) 

induced by the constant map c to both sides of (15. 11 1. The left hand side of ( 15.11 1 is then the 
Fredholm index of P and the right hand side is the intersection product of [o>] G K(i{TX) 
with [D] G K^{TX). When [o>] is viewed as the class of vector bundle V, the intersection 
product is well known to be the Fredholm index of the Dirac operator D with coefficients 
in V. The following A'-theoretic index formula is an important corollary to Theorem 15. II 

Theorem 5.3. II13I Let X be a complete Riemannian manifold, on which a locally com- 
pact group G acts properly and isometrically with compact quotient. Let P be a properly 
supported G-invariant elliptic operator on X of order 0. Then 

IndP^lp] ®c*(GA(x))/([^]) 

= \P] ®c*(G.Coix))fi[<yp])(^c'iGmT*x))fm)eK,iC*iG)). 

Where [p] is the projection in C* {G ,L^ (X ,E)) defined by \p\ — (c • g(c))^ and [D] is the 
Dolbeault element. 

In the line ( 15. Il l, the symbol Op defines an element in KK^ {Cq{X) ^CoiTX)) using 
ellipticity of P G ^(X;^,^) (DefinitionE^ll. In fact, consider Cq{TX, n*E), where n : 
T*X —i' X, as a Hilbert module over Cq{TX) using the Hermitian structure on E, and the 
set of "compact operators" is Co{TX,End{7Z*E)). Also Co{X) acts on Co(7r*£'o © ^*Ei) 
by pointwise multiplication. Hence for all / G Co{X), {Op — I)f is compact by ( 12.81 1 and 
[cTp,/] = 0. Therefore the symbol o> : n*{E(,) — > n*{Ei) defines the following element in 
/:/:-theory: 

[(Co(rx,;r*£o©?r*£i), (^^^ ^^o) )] G /:/:«(Co(X),Co(rx)). 
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Based on the symbol Op we define a G-bundle V{Op) (H section 7). Let B{X) C TX 
be the ball bundle with sphere bundle S{X) C TX as its boundary. A new manifold "LX is 
obtained by gluing two copies of B{X) along their boundaries: 

(5.2) i:X^B{X)\Js(x)B{X). 

The action of G on TX extends naturally to JLX because G acts on X isometrically. And 
a G-vector bundle over YX is built out of Op as follows. The ellipticity of P implies the 
invertibility of the symbol restricted to S{X): Op\s(x]- Define a G-vector bundle over 
E(X) by gluing the Op on the boundary, i.e.. 

Here V ( (T/> ) defines an element in the representable KK-ihe:oxy RKK^ (X ; Co (X ) , Co (EX ) ) . 

Remark 5.4. When X is compact and when G is trivial, the inclusion C — !• C{X) further 
reduces Gp to an element of KK{C,Co{TX)) by "forgetting" the action of C{X) on the 
Hilbert-C(X) module CoiTX). Therefore, o> e KK{C,CoiTX))) ~ Kq{Cq{TX)) maps to 
a vector bundle, trivial at infinity in TX . The bundle is constructed by gluing 7Z*E\g(^x) ™d 
^*E\j-x-B{x)'' along the boundary using the invertibility of CJ/>|j(x) ^^d is the restriction 
of V{ap) to TX. 

Proposition 5.5. The homomorphism 

KK^{Co{X),Co{TX)) KK^{Co{X),Co{i:x)) 
[{CoiTX, n*E), Op)] ^ [(Co(EX,y(ap)),0)] 
is induced by the inclusion map i : Co{TX) — > Co(EX). 

Proof. Thepre-imageof [(y((J/.),0)]under/*in7i:7i:'^(Co(X),Co(rX))is [{V{ap)\Tx,0)]- 

/ (7* \ 

We construct a projection out of Mi = J ^s follows. 



ap„ 



Then 



[{CoiTX, K*Eo(B7:*Ei),Mi)] = [{Co{TXXEo®k*E^),Q)] 
=[{QCo{TX, n*Eo®K*E,),\)] + [((1 - Q)Co{TX, n*Eo ® n*E,),Q)] 
^[{Co{TX,V{ap)[Tx)M 

□ 

In ( 15.11 1 the Dolbeault operator D is a first order differential operator D = \/2{d + d*) 
acting on smooth sections of K*{T^'^X). Let H be the Hilbert space of L^-forms of bi- 
degree (0, *) on T*X graded by the odd and even degree forms. Then D is an essentially 
self adjoint operator on H of degree 1. The C*-algebra Co{T*X) acts on H by point-wise 
multiplication. The Dolbeault element is 

[{H, -^j^)] e ^(Co(r*X)) = KK^{Co{T*X),C). 

The Dolbeault operator on T*X extends to the proper cocompact G-manifold EX which 
has an almost complex structure. We just glue two Dolbeault operators on B(X) C TX 
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along the boundary (the normal directions of S{X) in B{X) need to switch signs on dif- 
ferent pieces). The new Dolbeault operator [D] is clearly G-invariant and defines an 
element in KK'^{Co{'^X),C). (In section 6 we simply denote [D] by [D].) Obviously 
/ : Co{TX) — 7> CqCLX) induces the natural map 

(5.3) : KK^{Co{'^),C) ~> KK^{CoiTX),C) : [D] ^ [D]. 

Corollary 5.6. Suppose we have the same conditions in the K-homological formula The- 
orem \5. l\ Then 

(1) The elliptic operator [P] as a K-homology element coincides with the intersection 
product in [V{Gp)] <S) [D] in 

KKGiCo{X),Coi'LX)) X KK(^{Co{'^),C) ^ KK(^{Co{X),C). 

(2) The elliptic operator P relates to a Dirac operator in the following sense: 

(5.4) [P]^nDy^a,)] 

where j* : KK^ {CqC^X) ,C) — > KK'^{Co{X),C) is induced by the inclusion j : 
Co{X)^Co{'^X). 

Proof. The first statement is a result of functorality of the intersection product 

[P] = [<^p] ®CoiTX) [D] = [Op] ®Co(rx) i*[D] = i*[(yp] 0Co(rx) [D] = [Viap)] (»Co(ix) [£>]■ 
To prove the second statement, we calculate 

[vi<yp)]®co{Lx) [D] = [(Co(Ex,y((jp)),(/)i,o)]®co(ix) [(l2(j:x,a*(ex)),(/)2,f)], 

by which we denote [{H,ri,G)], i.e. H = Co(EX,y(o>)) «)co(ix) {I.X , A* (LX)) and 
F = —M==. The operator G needs to satisfy the following two conditions E3l . 

(1) G is an F-connection; 

(2) G has the property T] (a) [0 (K" 1 , G] T] (a) > modulo ,J^{H). 

By Kasparov's stabilization theorem, there is a Co(I^)-valued projection Q such that 
Co(£X,y(oA)) = Q{®"Cq{1X)). Therefore, 

H = e(®rCo(^^))®Co(rx)i''(SX,A*(J:x)) = 02(e)(©ri'(S^,A*(EX))). 

We claim that 

(5.5) G = UQ){®XF)<h{Q) 

The statement is proved if the claim is true. In fact, one needs only to observe that 
^ = ^2(e)(®r^^(2X,A*(EX))) =L2(j:x,A*(EX)(8y((7/.)) and 

(l>2{Q){(BxD)<^2{Q)^Dy(^^^ onH. 

To prove the claim ( 15.51 ). it is sufficient to show the following observations. 

. (G2-i)Tj(/)e jr(//),/eCo(x); 
. [G,Tj(/)]e,X(//),/eCo(x); 

• [f^ , F ® G] e (EX , A* (EX ) ) © //) , V<^ e Co (IX , y ( OA ) ) , where 

- e ^(L2(Ex,A*(EX))ffi//),r^ e ^{l^{i:x,a*{^x)),h) 

is defined by T^^rj) — ^^rj e H. 

□ 
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Proposition 5.7. Let P be a properly supported G-invariant elliptic operator of order 0, 
D be the Dolbealt operator on EX andV{Op) is the G-vector bundle over YX built using 
Op. Then 

(5.6) indP = \MDv((yp) 

Proof. Notice that in the proof of the Corollary 15:61 [{L^{lX,A*{lX)®V{ap)),Dv[ap))] 
represents the operator in the intersection product [y(c7/>)] ® [D], which is the same as 
[{L^{X,E),P)] as an element in K^{Ca{X)). This imphes that Indf = IndDy^^^) and the 
statement is proved by taking the trace of the /T-theoretic index. □ 

6. Local index formula. 

6.1. L'^ -index of Dirac type operators. Using Proposition 15.71 to find a cohomologi- 
cal formula for the L^-index of P, it is sufficient to figure out a formula for Dirac type 
operators. Let M be an even-dimensional (dimM = n) proper cocompact G-manifold 
with a G-Clifford bundle V, which is a Cl(rM)-module via Clifford multiplication. Here 
C\{TM) = Cl(rM) C is the complex Clifford algebra generated by TM. We construct 
Si, a Dirac type operator acting on sections in V . Let V be the G-invariant Levi-Civita 
connection on TM , which can be extended to Cl(rM). Let be the G-invariant Clif- 
ford connection on V, i.e. [V^,c(fl)] ~ c{'Va),a e C~(M,Cl(rM)). A Dirac operator 
S : C"(M,y) — > C~(M,y) is defined under the composition of the connection V*' and 
the CHfford multiplication c:C^{MJ*M xV) ^ C~(M,y) by 

where {e,} forms an orthonormal basis of the bundle TM and e's are the dual basis of 
T*M. Here we assume y = yo ® yi to be Z /2 graded and S to be odd and to be essentially 

self adjoint, in particular, ^ = ( ^ : L^{M,V) L^{M,V). The L^.index of S 



^ 

is expressed by the McKean-Singer formula ( 13.5b which is independent of t: 



(6.1) ind^==strG(e"'®'), 

a b\, . ^9 fS^So 



where strG([^^ ) = trG(fl) - trG(t/) and ^ - y q q^q,* 

Let — (V)^ e A^(M,Endy) be the curvature tensor of the connection V^, then 
&^^~Y^{ylf + Y^yl^^,,+Y^c{e'y{e-r)R^{e,,ej)^A'' + ^^^^^ 

i i ' i<j i<j 

is a generalized Laplacian. Let S be the spinor (irreducible) representation of Cl{TxM). It 
is a standard fact that End 5 = S<S)S* = Cl{TxM) . The fiber of the Clifford module y at jc 
has the decomposition Vx = S ^W. Here W is the set of vectors in Vx that commute with 
the action of Cl{TxM). Therefore on the endomorphism level we have 

(6.2) Endy, = Cl{TxM) (g) EndW. 

Here Endc^j^j^j-^^Vx) EndW is made of the transformations of Vx that commute with 
C1(7\M). According to |5| Proposition 3.43, the curvature of a Clifford connection 
on y decomposes under the isomorphism i6.2i as 

(6.3) R^=R^ + F^/^ 
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where R^{ei,ej) = | '^i^i{R{ei,ej)ei;,ei)c''c' is the action of the Riemannian curvature 7J = 
of M on the bundle V and F^^^ G A^(M,EndciV) is the twisting curvature of V. 
According to the Lichnerowicz Formula, Proposition 3.52, the generalized Laplacian 
is calculated by: 

(6.4) i^' = -E(V::.)' + LV^^^_. + lrM + i:F^/^(.„.;)c(.,-)c(.;), 

,=1 / ' ^ i<j 

where e,- is a local orthonormal frame of TM ~ T*M and F^/^{ej,ej) e EndQV are the 
coefficients of the twisting curvature of the Clifford connection . 

Having we consider the heat equation —u(t,x) + !^^u{t,x) — 0,m(x,0) = f{x) 

at 

which has (e^'® /) (x) as its solution. Denote by kt {x,y) the heat kernel, i.e. the Schwartz 
nel of e^'®^ and kt is 
kt(x.,y)f{y)Ay. Hence 



kernel of e and kt is a smooth map M x M ^ Hom(y,y) satisfying e '® f{x 



indi^= / c{x)strkt{x,x)dx. 



M 



IM 

We have the following properties of the heat kernel. 

Lemma 6.1. (1) For f{x) G L^{M), e^'^^f is a smooth section; 
(2) The kernel kt{x,y) of e^'^ tends to the 5 function weakly, i.e. 

e^'® s{x) = / kt{x,xo)s{x())dxQ — >■ s{x) uniformly on a compact set in M as 
Jm 

t~^0. 

Proof. We have proved that the Schwartz kernel of ce^'^^ is smooth in Lemma [3.13l So 

(e-'®V)W= / c{g-'x)kt(x,y)f{y)dydg^ [ h,{x)dg, 
Jgxm Jg 

where hg{x) = JJ^^c{g^^x)kt{x,y)f{y)dy is smooth in x e M for fixed g E G. Using the 



fact that e^'^ is a bounded operator and that c{x) is smooth and compactly supported, 
we conclude that hg{x) depends smoothly on g e G . Let K be any compact neighborhood 
of X, then by the properness of the group action, the set 

Z^{geG\c{g-'x)^Q,xeK,geG} 

Statement is proved. 

To prove the second one, let m be a smooth function with norm 1 . Then < e^'^'u,u >~ 
./!lGsp(®) ^ "^« « (^P nis^ns spectrum). Since the set of integrals for < f < 1 is 
bounded by 1 , then by the dominated convergence theorem, 

< e^'^^ u,u >—)' / ldPuu—<u,u> asf^-0. 

□ 



is compact and then (e f){x) = J hg{x)dg is smooth for x G K. Therefore the first 

-ts>-. 
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The heat kernel on M" of m, — > — = 0, which is 
(6.5) 

suggests a first approximation for the heat kernel on M. The small time behavior of the 
heat kernel k, {x,y) for x near y depends on the local geometry of x near y. This is made 
precise by the asymptotic expansion for kt{x,y). 

Definition 6.2 (|201). Let B be a Banach space with norm |1 • || and / : M+ ^ B : f i-^ /(f) 
be a function. A formal series Lr=o '^k{t) with fl<;(f) £ £ is called an asymptotic expansion 
for /, denoted by /(f) ^ Y.T=o'^kit), if for any m> 0, there ai^e Mm and £„, > 0. So that 
for all I > M,n,t e (0, £„,], we have 

11/(0 -L«.(oii<cf'". 

*:=0 

When Mis compact and when B ==C'^(M,End(y,V)) has C°-norm |1/|1 = sup^^^ |/(jc)|, 
it is the standard fact that the heat kernel kt{x,x) of e^'® has an asymptotic expansion 

^'^"'"^^(i^lo''"^'^"^ 

where aj{x) e Hom(y,,Xx),x G M are smooth sections ( 1201 Theorem 7.15). In the case 
of non-compact M having group action, this theorem can be modified as follows. 

Tlieorem 6.3. Let M be a proper cocompact Riemannian G-manifold and '3 he an equi- 
variant Dirac type operator acting on the sections of a Clifford bundle V, and kt be the 
heat kernel of '3). There is an asymptotic expansion for c(x)kt{x^x) under the Cf'-norm 

11/11 =sup^gmI/WI : 

(6.6) c{x)kt{x,x) - c{x) J^„/2 E 

where aj € C°°{M, EndV) and aj{x) depends only on the the geometry at x (involving 
metrics, connection coefficients and their derivatives). In particular aQ{x) = 1. The as- 
ymptotic expansion works for any -norm for I > 0. (We only need and prove the case 
when 1=0.) 

To prove Theorem 16. 3 1 we study the heat kernel kt{x,y) by constructing an "approx- 
imate heat kernel". The proof is a modification of the case of operators on compact 
manifold ( ll20l Theorem 7.15 or ISj Chapter 2). Now kt{x,y) satisfies the heat equation: 

(6.7) + ^%{^,y) = 0,ko{x,y) = 5yix) 

where operates on the .x-coordinate only. We fix y and denote it by xq and solve this 
equation locally on a coordinate neighborhood O.,^ of xq with x e Ox^. We approximate 
the heat kernel kt{x,xo),x £ O^g locally by looking for a formal solution 

(6.8) pt{x,xo)Y^t'ai(^x) 

1=0 
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1 

to the equation (16.7b . where pt{x,xo) — -e ^ (r = Ixl =d(x,xo)) is the heat kernel 

(4;rf)2 

on Euclidean space ( I6.5l l. Denote by St{x,xo) = ^f'a,(x) in ( 16.81 ) and so the heat kernel 

1=0 

is written as 

(6.9) kt{x,XQ) ^ p,{x,xo)st{x,XQ). 
According to ll20l equation 1 .16, in ( I6.4l i on Ox^ is calculated by 

(6.10) [| + ^^](..^0 = /M| + i^^ + 4j^| + ^v.h. 

when operating on (16.9b . where r ~ |x|, g = det(g,y) and [gij) is the Riemannian metric 
on M. To find the formal solution (16.81 ). set the right hand side of ( 16.10b to be 0. Then 
the vanishing of the coefficients for f 's enables us to find «; inductively via ||20]| equation 
7.17: 

(6.11) V s {r'g^aj{x)) = r . , , ^ 

2 

(1) (Solve OCo(x)) It is trivial to see that pt{x,xo) ~ — !— n-e^^ -> 5vo(x) uniformly as 

(4;rr)^ 

f 0+. From Lemma ISTl A:;(x,xo) — ^ ^^^(ji:) uniformly as f — )■ 0+ for all x ^ K, where 
K C X is any compact subset. Therefore Clo{xo) = 1 is a necessary assumption. The first 
fine in ( 16.11b indicates that g^Oo^x) — g{xo)^ ao{xo) = 1, and then ao(x) — g~^{x) is 
determined by ao(xo). 

(2) (Solve a,(x),/ > 0) Inductively the smoothness of a,- implies the uniqueness of the 
smooth solution o:,+i . In fact, when solving the equation in (16.11b . the constant term has to 
be otherwise a,+ i is not smooth at r = 0. Then a,+i is smooth except that it may blow up 
at 0. But by setting r in the second line in ( 16.1 lb we have a,+ i(jco) = —j{S'^ai){xo) 
which makes sense if a,- is smooth. Therefore, there exists a sequence of smooth sections 
{ai{x)} in End{Vjg,Vx) uniquely determined by ao(xo) — 1. 

Note that a,s are defined on a coordinate neighborhood Oxg and depend smoothly on 
the local geometry around xq. For example, ai{x) — ^k{x) —K{x), where k is scalar 
curvature and K satisfies ~ A + K. 

Denote a; (x) by a,- (x , xq ) , x e Ox^, ■ Now for any xq = y S M, we obtain a formal solution 
ai{x,y) which smoothly depends on both x and y for x G Oy. Choose O' C M x M such 
that {(x,x)|x e M} C O' C UyeAiOy and choose 



(l){x,y) e C°°{MxM) so that ^(x,^) = 



{x,y) ^ yjyemOy 



This definition is based on a cutoff function used to define the approximate heat kernel in 
Definition 2.28. 

Definition 6.4. Let (16. 9b be the true heat kernel. Define the approximate heat kernel 

n 

(6.12) h'!{x,y) ^ pt{x,y)Y,t'ai{x,y), 

1=0 
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where ai{x,y) — (p{x,y)ai{x,y) G C°°{M x M) and supported in a neighborhood of the 
diagonal. 

With the previous set up we may state the following lemma, which implies Theorem 
I6.3l when setting x~y. 

Lemma 6.5. Let k,{x,y) be the heat kernel and h'}{x^y) be the one in KT2\ . Let c G 
C~(M) be a cutoff function of the proper cocompact G-manifold M. Choose c G C~(M) 
satisfying c{x)c{x) — c(x),x G M. For all m > 0, there is a N,„, so that for all I > Nm and 
f G(0,1], 

(6.13) \\c{x)h[{x,y)c{y)-c{x)kt{x,y)c{y)\\<Ct'" 
where \\f\\ = sup^.^^ \f{x-,y)\. 

Proof. For all m, let A^,„ > max{n + l,m + 1}, where « = dimM. By definition /if" (;ic,y) 
approximately satisfies the heat equation in the sense that 

(6.14) (|: + i^2)/,A'-» = t''-p,{x,y)&\N.„{x,y) + 0{t-) = r,{x,y), 

where the first term in ( 16.141 ) comes from the calculation of the formal solution. In fact, 

^ N,„ 

using dSJOll, dUB, we have (— + Si^)[pt{x,y) £ t^aj{x,y)] = t""" p,{x,y)S!^aN„Xx,y). 

j=0 

What remains 0{t°°) is of order t°°, because this term contains the derivatives of (p, which 
are of 0-value for x near y, and pt{x,y),{x ^ y), which decreases faster than any positive 
power f*^ as f — >^ 0+. rt{x^y) has the following properties: 

(1) The remainder r;(x,3') is smooth for any fixed f > 0. This is because pt(x.,y) in 
( I6.5l l and ai(x.,y')'& in Definition |63] are smooth functions, for all f > 0. 

(2) Denote the A:th Sobolev norm on C'"(M x M) by || Then for all fixed t > 
and for all k: \\c{x)rt{x,y)c{y)\\k exists. This is because c{x)rt{x,y)c{y) is smooth and 
compactly supported on M x M. 

(3) We have the estimate 

||c(x)o(x,3')c-(y)||« + i <Cf'« 

uniformly for all t G (0, 1]. In fact, in the first term c{x)t^'" p,{x,y){^^aN„{x,y))c{y) of 
c{x)rt{x,y)c{y), only t^'"pt{x,y) depends on f, it is sufficient to know the order of / in the 
A;th derivative (in x or y) of t'^'" p,(x,y), where k < j + I and the order is: t^"'t^it^'^ = 
f^'"-2-^ So 

\\c{x)t'''"pr{x,y){&'aNjx,y)ny)\\,,^, < c.f^-^-^ 

A:=0 

Since N,„ > n+1, there are no terms of non-positive order in f on the right hand side. In 
addition, since Ni„ > | + m, then for all f G (0,1] , there is a constant C so that 

The derivatives of c{x)0{t°°)c{y) do not have any terms containing negative power of t so 
||c(ji;)(9(r)c(3;)|| «+i < C2t"' for all f G (0, 1]. So item (3) is proved. 

Next, we use rt{x,y) to relate ktix,y) and in the following claim: 
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Claim: There is a unique smooth solution for the following equation: 
(6.15) 



^uo{x,y) =0 

Here, Ut{x,y) is regard as a function of f and x. 

In fact, It is trivial to check that ui = /Qe^('^^'®^rT(x,xo)dT is smooth and satisfies 
the equation. If U2 is another smooth solution, then u = ui — U2 satisfies + !^^)u = 
0,Mo = M(f = 0) = 0. Hence 

^||m||^2 = ^ < M,M >= - < U,9^U > - < ^^M,M >= -2|1^m|1^2 

implies that ||m|P is non-decreasing in t, and so || M(f = 0)|| = forces m = mi — M2 = 0. So 
the claim is proved. 

Since /if'" {x,y) — k, {x,y) is also a solution to the equation ( 16. 15b , by the uniqueness of 
solution we have that /if" - kt{x,y) = / e"*'"'^'®VT(x,y)dT. Then for all t e (0, 1], 



\\c{x)kt{x,y)c{y)-c{x)h';f"^{x,y)c{y)\\.^+,<tsu^{\\^^^^ 

where the second inequality is because of item ( 16. It . 

By the Sobolev embedding theorem, for all p > |, ||m|| < Co||m||p for u e where 
II • II is the C" sup norm and || • ||p is the Sobolev p-norm. Therefore, 

\\c{x)k,{x,y)c(y)-cix)h^"'{x,y)c(y)\\ < C'\\c{x)k,ix,y)c{y) -c{x)h^-ix,y)c{y)\\.+i 

< C'Cf. 

In fact, since c{x) and c(xo) are compactly supported, the function in the norm is supported 
in a compact set in M x M, where the theorem can be applied. □ 

1 / . 

Remark 6.6. From i6M lim c(x) sir kt(x,x) = lim c(x) rr V f-'stra.fx) for suffi- 

ciently large I. To calculate the left hand side it is sufficient to investigate a,s on the right 
hand side. 

If a G EndVt then a has a decomposition a — b^c,bG Cl{TxM),c E EndW as in (j6.2[) . 
The super-trace stra is then calculated by str(/7(g)c) = T{b) ■ str''/^(c) where str^/"^ is the 
super-trace on C-linear endomorphisms of W under the identification End£i(^j!^^^{Vx) = 
Endc(W) and T( is the the super- trace on End 5 = S(E)S* = CI (r,M). The super- trace 
on C1(7^M) is explicitly calculated by |5| Proposition 3.21. Let c = ^c,j;2- -4e;,ei2 • • • e;^ 
be an element in Cl{TxM) = End(5), where e,s are orthonormal frames of T^M and 
Q|;2 -!i-i 1 < U ^ '2 £ • • • < 4 < « is the coefficient of the element ej,e;, • • • e,-^ in Cl{TxM). 
Then 

(6.16) T,(c) = (-2/)ici2...„. 

The Clifford algebra Cl{T,M) is a filtered algebra, more specifically, C1(7;M) = C1(R") = 
U"^qC1,-. Here CI, is the linear combination of ej^ • • • ey^,/: < /. In proving Theorem 16. 31 
the following lemma is obtained as a corollary. 
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Lemma 6.7. Let ai(x) be the ith term in the asymptotic expansion. Then 

(6.17) fli(x) e Cl2;(8)Endc;(rM,)(5x). 

Proof. We define fl,(x) — to be a(x,x). We need to show that ai{y^y) G Chi (81 

Endci(y3,). Set X = y in ( 16.11b . then 

ao(y,y) = 1 and a,(y,y) = -y(^^o:)-i)(3',3'). 

with OCo(3',3') = 1 e Qo (8)Endci(yv). Inductively, the fact that contains the factor 
c(ei)t{ej), makes sure that the degree of ai{x) does not increase by more than 2 compared 
to that of a,_ 1 {x) . □ 

Remark 6.8. As a consequence of (I6.I6I 1 and ( I6.17l i we have strfl,(x) = for ; < | . There- 
fore indi^ = — ^- — - y\t' [ c(x) str(fl,(x))d.Ji:. Furthermore, since the index is indepen- 

dent of f and n is even, we have the following theorem. 

Theorem 6.9. The index of the graded Dirac operator '3 is equal to 

(6.18) ind^= — — r / c(x) str(fl„/9(x))dx. 

(4;r)2 JM 

The element str(fln (x)) in (I6.I8I 1 can be calculated analytically in terms of differential 
forms on M. To calculate str(fl„/2(-^)) G End(yt), we localize the operator '3 and the 
heat kernel A;r(x,y) at a point x. Because the local calculation is irrelevant to M being 
compact or not, we use the classical calculation of stran on a compact manifold without 

1 R /2 

modification. Therefore, str(an(x)) is the n form part of det2( — )tr^/'^(e^^). For 

^ T.^ " ^ ^sinh/?/2^ ^ ' 

details, please refer to Pl Chapter 4. Finally we obtain the following main theorem of 
this subsection. 

Theorem 6.10. Let R be the curvature 2-form with respect to the Levi-Civita connection 
on the manifold (on TM). Then, 



(6.19) ind^= / c(x)A(M)-ch(y/5). 

JM 

where A (M) det^ ( ) is the A-class ofTM and ch(y /S) ^ lv^l^{e'''^'^ ) is the 

relative Chern character, i.e. Chern character of the twisted curvature 1^ of the bundle 
S. 



6.2. Conclusion. In this subsection we will figure out indDy^f,^^ where D is the Dol- 
beault operator on LX, and where V{Gp) is a bundle over T.X. Dyf^^^-j is a generalized 
Dirac operator and we calculate the case when — Dyf^ap)^ M = HX in the previous 
subsections. Firstly we have the following proposition, as a corollary to Theorem l6.10l 

Proposition 6.11. Let G be a locally compact unimodular group and let M be proper 
cocompact G-manifold of dimension n having an almost complex structure, curvature R, a 
cutoff function c £ C"(M) and a G-bundle E with curvature F. Let D : L^{M,A^'*TM) — > 
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L^{M^AP-*TM) be the Dolbeault operator on M. Then the L^-index of the twisted Dirac 
operator De is, 

indD£= / cTd(M)ch(£'), 

JM 

where Td(M) = det(Y^) andc\\{E) = tr,(e-'^). 

Both Td(M) and ch(£') are G-invariant forms. So the integral does not depend on the 
choice of the cutoff function. If M = YX, then the cutoff function on M can be obtained 
from the cutoff function on X by setting the values of the elements in the same fiber to be 
the same. The following index formula is immediate assuming the proposition. 

Theorem 6.12. Let X be a complete Riemannian manifold where a locally compact uni- 
modular group G acts properly, cocompactly and isometrically. IfP is a zero order prop- 
erly supported elliptic pseudo-differential operator, then the index ofP is given by the 
formula 

(6.20) indP= / c{x){A{X)fch{ap). 

JTX 

Proof. Set M = EX, V — V{Op). Clearly, M has an almost complex structure. By Propo- 
sition |5l2] and Proposition l6.11l 

mdP= [ c{x)Td{I.M)ch{Vap)= [ c{x)Td{TX ® C)ch{ap) . 

JZX JTX 

Observe that Td{TX ®C)^ (^(X))^, then the statement follows. □ 

Proof of Proposition \6.1 1\ Let J be an almost complex structure on M. Say x,,}?,, 1 < / < 
m are a local frame of TM and — yi,J{yi) = —Xj. J extends C-linearly to TM^C = 
TM^-° e TM"'^ where TM'" = {v - iJv\v e TM}, the set of holomorphic tangent vectors 
of the form z, ^ xj — iyj, is the /-eigenspace of J and TM^'^ = {v + iJv,v e TM}, the 
set of anti-holomorphic tangent vectors of form Zj = xj + iyj, is the —/-eigenspace of J. 

We have real isomorphisms 7r''° : TM TM^-''\v ^ v^'° = i(v- /7v) and tt" ' : TM 

TM°- ' , V ' = i (v + iJv) . Therefore {TM, J) ~ TM^ ~ TM^ as an almost complex 
bundle. 

Similarly, the complexified cotangent bundle decomposes as T*M®<C = T*M^'^ (B 
T*M^'^ where r*M''° = {r; e T*M®<C\r]{Jv) = ir]{v)}, consisting of covectors of form 
zi = x^ + iyi, is the C-dual of TM^-^ (notation: x'{xi) ^ 5ij,y'{yi) = 5ij) and r*M^ ' = 
{tj e T*M (E) C\rj{Jv) = — /tj(v)}, consisting of covectors of form z^ = x^ — iyj, is the 

C-dual of m" '. We also have real isomorphisms T*M T*M^-^ : 7] ^ 7]^-^ = -{t] - 

i{r]oJ)) and T*M^T*m''^-^ : rj ^ 77^' = ^{rj +i{ri oj)). 

If g is the G-invariant Riemannian metric on M, then the G-invariant Hermitian metric 
is defined by h{X,Y) = g{X,Y) + y/^g{X,J{Y)) for vector fields X,y e TM. Let A*M 
be the bundle of exterior algebras of M and Q.*M, the set of smooth sections, which splits 
into types {p,q) with AP'''T*M = {APT*M^'^) (g) (AT*M"'1). If a G Q.P^'^{M), then the 

p+q+\ 

differential decomposes into da = ^ (da)' '^^''^'"' and set da — (da)''+' '',(3a = 

i=0 



-INDEX FORMULA FOR PROPER COCOMPACT GROUP ACTIONS 



27 



{da)P'i'^K The Dolbeauh operator d : OP''^ -i> qP''!+^ is the order 1 differential operator 

given by d = ^ — h in the local coordinate (x,y) G M. If we use the grading, the 

dy dx 

Dolbeauh is ^ + ^* on a°'*M. 

The Dolbeauh operator "is" the canonical Dirac operator on M in the sense that they 
have the same symbol. The canonical Dirac operator on M is defined as follows. The 
bundle S = IsP'*T*M has an action of the cotangent vectors via Clifford multiplication: 

c(77> = V2{e{r]^^^){s) - i{r]^^^)s),r] e T*M,s e A^*T*M. 

Here, c(x') = '^(^(z) — i{z)),c{x')c{x^) + c{xj)c{x') = —25ij and e is the exterior mul- 
tiplication and I is the C-hnear compression by a vector. 

The Dolbeault operator is defined to be D = Lc(e')Vg. where {e,} forms a local or- 
thonormal basis of TM and is the Levi-Civita connection on S. Now if there is an 
auxiliary complex G- vector bundle E ^ M, with a G-invariant Hermitian metric and G- 
invariant connection V^, the Dolbeault operator acting on V = 5(8 E with coefficients 
in E can be represented by (up to a lower order term): 

De = £c(ei)V^., where = ® 1 + 1 O V^. 

Let V be the Levi-Civita connection on M (on (TM)'^-^, being more precise) and R = 
e A^{M,5o{TM)) be Riemannian curvature, the matrix with two forms coefficient 
representing the curvature of M, 

R{X,Y) = VxVy - VyVx - y[x,Y],X,Y e Cr{M,TM). 
In the orthonormal frame e,- of TM, R(ei,ej) = —^{R{ei,ej)ei,ek)e'^ Ae\ where we 

k<l 

identify so{TM) with the bundle of two forms on M. Now we have a Clifford module 
S = A(rO'iM)*, Cl(TM) (g) C = End(5), on which T*M acts by Chfford multiphcation. 
On S there is a Clifford connection V'^ so that the Clifford multiplication by unit vectors 
preserves the metric and V'^ is compatible with the connection on M. Here, V ((/)) • cr = 
{V<j)) ■a + <j>- {V(y),(l) G , (7 e OP'*. Let R^ = {V^)^ be the curvature associated to V'l 
It is well know that the Lie algebra isomorphism spin„ ~ so„ given by ^ [v, w] v A w 
implies that 

^{ei,ej) = ]-Y,{R{ei,ej)ek,ei)c{ek)c{ei) = i^(/?(e;,e;)ei:,e/)c(ej:)c(e;). 
k<i ^ kl 

On S, there is also a Levi-Civita cormection, denoted by V^. The associated curvature 
= (V^)2 e Ends is written as 

Where /?^(v) = 2E('^(^02A>2/)cfe)c(z/) + ^ £(/?(•, •)2-fc,2/)cfe)c(z;) € Cl(rM) and 

^ kl ^ kl 

F e Endc/V is the twisting curvature. 

Recall that the curvature of the Levi-Civita connection on AV* is the derivation of the 
algebra AV* which coincides with R{ei, ej) on V and is given by the formula 

£ < e^,R{ei,ej)ei > e{ek)l{e^) = e;)e/,eOe(e^)l(e')- 
kl kl 
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Let R be the curvature of the Levi-Civita connection on J^'M. Note that R=R . Then 
the curvature of the V'' on 5 = A(r'' ')* is given by 

Using the fact that c{ziY = 0,c(z,)^ = 0,c(z,)c(z}) +c(z})c(z,) — ~4dij, wherec(z) = 
c{x) + ic{y),c{z) — c{x) — ic{y). we have 



and a direct calculation shows that 



2'. 



A(M).^^^^ = det-^.^Tr.(^.-) ^ ,^^_^(^.-) ^ Td(M)Tr(.-^^ 

□ 

The following theorem is an immediate corollary to Theorem l6.12l 

Theorem 6.13 (Atiyah's L^-index theorem). Let D be an elliptic operator on a compact 
manifold X and D be the %\ (X)-invariant operator defined on the universal cover space 
X as the lift ofD. Then indD = indD. 

6.3. L^-index theorem for homogeneous spaces of Lie groups. Let G be a unimodular 
Lie group and // be a compact subgroup. Consider the homogenous space M — G/H of 
left cosets of H in G, a G-bundle E over M and a G-invariant elliptic operator D on E. 
The fiber of E at eH, denoted by E = E\(,h, is an //-space, so that E ~ G E . Similarly, 
set V = TeHM, then TM = G X/^V. Let n e A^{TM)* (g) gliTM) be the curvature of M, 
associated to the G-invariant Levi-Civita connection on TM. Then we have the G-invariant 
A-class 

A M =det5 '— . 

^ ' sinhn/4;r/ 

Let Q.^ € A^(EM)* (8i g[(V(c5A)) be a curvature form associated to some G-invariant con- 
nection on y (cTd) over IM. Then 

ch((7D)=Tre"^|rM 

is the Chern character of ^(Oa) restricted to TM. Let Q.y be the curvature tensor Q. re- 
stricted to y = TchM and Q.y be the curvature tensor £2^ restricted to V. Then we define 
the corresponding A-class and Chern character as 



A(M)v = det^ . ^'^^^.^ and ch(oz5)v = Tre"^ 



sinh £2v / 2 

We have as a corollary the L^-index theorem for homogeneous spaces. 

Corollary 6.14. The -index of a G-invariant elliptic operator D: I? {M,E) -^L^{M,E) 



IS 



(6.21) indD= / A^{M)vch{aD)v- 

Jv 
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Proof. The L -index theorem of D says that 



indD= / cA^(M)ch(aD). 
Jtm 

Since TM = GxhV, the integration of the form cA^{M)ch{aA) on TM can be computed 
by hfting to an //-invariant form on G x V and then integrating over the group part and 
then the tangent space at eH. Since A^(M)ch((7D) is G-invariant, then at any g ^ G, the 
form will be the same as its value at the unit e of G: {M)vc\\{oa)v ■ Hence, 

/ cA2(M)ch((7o) = / A^{M)vch{OD)v [ c{g-\')wol = / A^{M)vch{aD)v , 

JTM Jv JG JV 

where vol is the volume form on G. □ 

Remark 6.15. The formula ( 16.211 ) is essentially the L^-index formula in fSl. The com- 
ponents of the formula in 16.211 are sketched as follows. On the Lie algebra g of G 
there is an //-invariant splitting g = (] m where t) is the Lie algebra of H and m is 
an //-invariant complement. V = TeH{G/H) is a candidate for m. There is a curvature 
form on m defined by &{X,Y) = — ^6 {[X ,Y]) ,X ,Y e m where 9 is the connection form 
given by the projection ; g — >^ f). composed with r : f) ^ sK^)' the differential of 
a unitary representation of H on some vector space E, is an //-invariant curvature form 
@r{X,Y) = r{e{X,Y)),X,Y G m. Then 

ch : R{H) ^- H*{g,H) : r i-^ Tre®' 

is a well-defined Chern character (f8| page 309). Also, compose the curvature form ( 16.151 ). 
with f) — > gt(V), the differential of the //-module structure of V. And a curvature form 
&v G A^m* (8igl(y) on V is constructed and the A-class is defined as 

A(0,//).deti-^. 

sinh0y/2 

The -index formula of /) in ||8] is 



(6.22) indD= / ch(fl)A(g,//), 

Jv 

where a is an element of the representation ring R{H), specifically a is the pre-image 
of y((J/))|y+ under the Thom isomorphism /?(//) — > Kh{V). Here, y+ is the space built 
from V by adding one point at infinity. It is the ball fiber in EM at eH. Note that the 
Thom isomorphism exists only for the case when the action of // on V, // -> SO{V) lifts 
to Spin(y). The general case was done by introducing a double covering of H and by 
reducing the problem to this situation |8 1 page 307. 

To see that 16 . 2 II and 16 . 22l are the same formula, we prove the following assertions. 

(1)A{M)v^A{q,H). 

In fact, since TM = G x // V is a principal G-bundle over V /H and V is a principal 
//-bundle over V///, then by fTSI II Prop. 6.4, the connection form on TM restricted to V 
is also a connection form. Also, on G///, the restriction of any G-invariant tensor on TM 
to V is an //-invariant tensor on V. Therefore D.v is an //-invariant curvature form on V 
and the restriction A (M) v is the A-class defined by curvature £2v . By definition A (g , //) is 
the A-class of the curvature ©v on V, A-class of another connection on the same V. The 
statement is proved because A is a topological invariant and is independent of the choice 
of connection on V. 
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(2) ch((7D)v = ch(a). 

Similarly to the last proof, is an //-invariant curvature form of V ((To) |y+ restricted 
to V. Recall that V{aD) is glued by the G-in variant symbol Od and therefore it is deter- 
mined by its restriction at the ball fiber, y+. By definition V{aD)\v+ is glued two copies 
of BV X £ on the boundary by (Jd\sv- Note that the evaluation of Gd\sv at <^ e SV is 
aoieH,^) e GL{E),t, e V,\\B,\\ = 1. We have an //-bundle V{gd)\v = V xhE where 
r-.H^E. Hence the curvature Q.y is r composed with some curvature form on V. The 
statement follows from the fact that ch(r) is independent of the connection and the choice 
of the //-invariant splitting of G. 
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